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How to prove the existence of a mathematical object (Q3)

1. Constructive proof
... by creating that object or by giving a method to create that object

2. Non-constructive proof (e.g. Probabilistic Method)
... without creating that object or giving a method to créafe that object
e.g. Probabilistic Method

Probabilistic Method
If an object exists with probability greater than zero, then that object exists.
More formally, if a randomly chosen object from a sample space has a certai
property with probability > 0, the object with the property exists.

1. Miscellaneous Review

(a) Show that the probability that exactly‘one of the events A and B occur% is Pr(A) +
Pr(B) —2Pr(ANB).

(b) If A is independent of itself, show that Pr(A) =0 or 1.
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Let n € Z<1 (i.e. n is an integer greater than 1). You throw n balls, one after the other, into
n bins, so that each ball lands in one of the bins uniformly at random.

(a) What is an appropriate sample space to model this scenario?
(b) What is the probability that “ball i falls in bin 4, for each i =1,...,n”.
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3. Colored Sphere v\“ - /S

Consider Qsphere that has ﬁ of its surface colored blue, }and the rest is colored red. Show
that, no matter how the colors uted, 1t 1s possible to inscribe a cube in the sphere

with all of its vertices red. —
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4. [Extra] The Countable Union Bound
Let A, As,... be a countable sequence of events. Prove that the union bound holds for

P@ A) < ipr(m

countably many events:



